A CECH DIMENSIONALLY REDUCED GYSIN SEQUENCE 
FOR PRINCIPAL TORUS BUNDLES 



PETER BOUWKNEGT AND RISHNI RATNAM 

Abstract. In this paper wc construct Ccch cohomology groups that form a Gysin-type 
long exact sequence for principal torus bundles. This sequence is modeled on a de Rham 
cohomology sequence published in earlier work by Bouwknegt, Hannabuss and Mathai, 
which was developed to compute the global properties of T-duality in the presence of NS 
H-Flux. 



1. Introduction 

In [8] the authors formulate a "dimensionally reduced" Gysin sequence for de Rham 
cohomology. From their point of view, the purpose of this sequence is to compute the 
global properties of T-duality for principal torus bundles with background NS H-flux (see, 
e.g., pi-lGl fTTHT^ ). This Gysin sequence utilises a Chern-Weil or "dimensional reduction" 
isomorphism, allowing a differential form on the total space of a principal torus bundle to be 
expressed as a tuple of forms over the base manifold. T-duality is then easily computable by 
concatenating or truncating tuples of forms corresponding to the bundle curvature and flux. 
In this paper, we extend much of [8] to Cech cohomology, thus including the phenomena 
of torsion. To begin with, we shall motivate the use of Gysin sequences in T-duality. 

Recall that, when working with principal T-bundles, T-duality is an order two trans- 
formation T defined on the set of pairs (c, 5), where c G H'^{Z,'L) is the Euler class of a 
principal T-bundle tt : X ^ Z and 6 G Z) represents the H-fiux. The image of T is 

a pair {c,S), consisting of an Euler class of some principal T-bundle tt : X — )■ Z together 
with a class 6 G H^{X,Z) called the T-dual Euler class and H-fiux, respectively [HE]. The 
T-dual Euler class c can be obtaineded from the Gysin sequence: 

. . . -> H^Z,!,) 4 H\X,Z) 4 H^-\Z,Z) ^ H^+\Z,Z) ^ ... , (1.1) 

by defining 

c := 7r*5, (1.2) 
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SO that there is a principal T-bundle tt : X ^ Z classified by c. Consider now the Gysin 
sequence corresponding to the T-dual Euler class: 

. . . ^ H\Z,Z) ^ H\X,'L) % H^~\Z,Z) ^ H^+\Z,Z) ^ ... . (1.3) 

Observe that the sequence (11. ip implies c satisfies 

c U c =c U c = 7r*(5 U c = 0. 

Therefore, exactness of the sequence (11. 3p implies there exists a class 5 such that 

TxJ = c. (1.4) 

If S is to be the dual H-fiux, then for physical reasons, one must also consider the corre- 
spondence diagram: 

X XzX 




X X 




z 



and the requirement that 

p*6 = p*6. (1.5) 

This condition says the component of the H-fiux living on the base manifold Z is left 
untouched by the duality. 

The equations (11.21) . (11.41) and (II. 5p uniquely specify the T-dual Euler class, but not the 
T-dual H-fiux. In fact, chasing through the diagrams (c.f. [121 Sect 2.2]) shows that 6 is 
only determined up to addition of a class of the form vr*([i^] U c), where [L] G H^{Z,Z). 
On the other hand, one can show [T2l Thm 2.16] that for any choice of [L] there is an 
automorphism of fr : X ^ Z such that 6 + 7i*{[L] U c) H- 6. Therefore, within the 
isomorphism class n : X ^ Z, there is an unique choice of T-dual H-fiux S. 

To discuss the higher dimensional case, we introduce some terminology. 

Definition 1.1. Let vr : X — )■ Z be a principal T"-bundle, and suppose it is classified by 
a class c G if^(Z, Z"). Then we call c the Euler vector of tt : X — )■ Z. 

Definition 1.2. Let (c, 6) G H'^{Z,Z"') (BH^{X,Z) be a pair of cohomology classes, where 
c is the Euler vector of a principal T'^-bundle tt : X ^ Z. Then we call (c, 6) a T-duality 
pair. 
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Thus, in the general case of a T-duahty pair (c, 5) G H'^{Z,I/') © H^{X,Z) we seek to 
create a Gysin sequence generahsing fll.ll) and fll.3p so that we may compute T-duahty 
using analogues of fll.2p . fll.4p and (11. 5p : 

c = ttJ, (1.6) 
c = 7r*(5, (1.7) 
p*6 = p*6. (1.8) 

This was partially done in [8] , where a higher dimensional analgue of (11. ip was computed 
in de Rham cohomology. We recall this generalisation presently. Let Z be a C°° manifold, 
and denote by H^j^{Z, t) the fc*'^ de Rham cohomology group with values in the Lie algebra 
t of T", which we identify with M". Now, suppose vr : X — )■ Z is our principal ]R"/Z"-bundle 
classified, over some open cover W of Z, by [F] G ij^(VV, Z"). If M." denotes the constant 
sheaf with values in M", then there is an obvious map Z'^'CVV, Z") — Z'^CW, M"), so that, if 
n'=(Z,M") denotes the ring of differential /c- forms with values in M", composition with the 
Cech-de Rham map Z'^CW, M") — )■ f2'^(Z, M") (which is an isomorphism on cohomology) 
gives a map Z'=(W,Z") -> fi'=(Z,M"). The image of the cocycle F in n'^{Z,W) is a closed 
form, denoted F2, which we call a curvature form of vr : X — )■ Z (we give an explicit formula 
for F2 in terms of F in Equation (15.11) below). 

Let AH* denote the i*'^ exterior power of the dual Lie algebra t*. For < m < I < k we 
define a cochain complex 

I 

CJ;^'"''HZ, r) := 0(]*^-'(Z, AT), (1.9) 

i=m 

where r2*''~''(Z, AH*) is the group of differential {k — z)-forms with values in AH*. Let 
{Xj}jg(i^ and {X*}jg(i^ be a basis of t, and dual basis of t*, respectively. Note that 
{X*^ A X*2 A ■ ■ ■ A Xj; : < ji < j2 < ■ ■ ■ < ji < is a basis for AH*, so that every 
element H(^k-i)i of ^^''~*(Z, AH*) can be written as a sum 

l<jl<i2<---<j,<n 

with {H(^k_i^i)j-^ j- G r2^~''(Z). To define a differential on the cochain complex (II. 9p . we 
first observe that on each group f2^^*(Z, AH*) we can define maps 



AF2 : n^~\Z, AH*) ^ fi^-*+2(^, A^"H*) 
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H(k-2)2 

Figure 1. The differential Dp^ 



by tlie formula 

H[k-i)i A F2 := 

i 

J2 J2^-^y^\H^k-^)^)n...M A F,{Xl) ® A ■ ■ ■ A X;^ A ■ ■ ■ A X* , 

^<jl<j'2<-<ji<n 1=1 

where X*^ denotes omission of X*^. Then we have a differential Dp^ on Cp^"^'''\z, t*) given 
by 

DF2{H{k-m)m, ■ ■ ■ , H(k-l)l) = {dH(^k-m)m + { — H(^k-m-l){m+l) A F2, 

dH i^k~m~l){m+l) + ( — l)*'~™"^-ff(fe-m-2)(m.+2) A F2, . . . , dH(^k-l)l)- 

The fact that F2(X*) A F2{Y*) = F2{Y*) A F2(X*) for all dual vectors X* and Y* implies 
D^.^ = 0, and we denote the resulting cohomology groups by H'pj"''^\z, i*). This differential 
can be seen diagrammatically in Figure [H 
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Example 1.3. Set m = and I = 2, and consider a /c-cochain (iffeo; -f^(fc-i)i! -f^(fc-2)2) in 
C^f'^^(Z,t*). Let 

H(k-2)2= (^(fc-2)2)»i AX*, and 

l<i<j<n 
l<j<n 

Thus -ff(fc_2)2 A F2 is a differential /c-form with values in t* = M". Let us define 

q:=(0,..., ^ ,...,0). 

z*** entry 

Then, the Z*'' component (i/(A,-2)2 A ^2)^ can be found by computing (i^{fc-2)2 A F2)(X/), so 
one can see 

(ij(fc_2)2 A F2), = 5^ (i^(fc„2)2)^J AF2(x;)®x;(xo 

l<j<j<n 

-(%-2)2)iiAF2(x;)®x;TO 

= 5] (i/(fc-2)2).,A [(F2),(q),-(F2),(q).]. (1.10) 
l<i<j<n 

Similarly we have 

n 

H^k-Di A F2 = A (F2)i . (1.11) 

i=l 

Therefore, {Hko, -ff(fc_i)i, i?{fc-2)2) is a cocycle if all of the following hold: 

n 

dHko + (-1)'-' 5^(if(fc_i)i). A (F2), = 0, 

i=l 

{dH^u-i)i)i + (-1)'"' 5^ (^(^-2)2)., A [(F2),(eO,- - (F2)i(eOi] = 0, 

l<i<j<n 

dH (^k-2)2 = 0. 

Remark 1.4. The above definition of Dp^ differs from that of by our convention of 
minus signs. These are more convenient for showing the relationship between their Gysin 
sequence and ours. 

Remark 1.5. Notice that the above definition for Hpj'^'''\z,t*) depends on the choice of 
representative F2. 

The first reason why the groups Hp^"^'''\z , i*) are of interest is the following theorem, 
which gives a "dimensional reduction" isomorphism for de Rham cohomology: 
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Theorem 1.6 ( |8l Sect 3.1]). Let Z be a C°° manifold, and suppose ir : X ^ Z is a 
principal M.^/W' -bundle with curvature F2 G Q'^{Z,t). Then there exists an isomorphism 

H',j,iX)^H'^^''\z,e). 

This isomorphism depends on a choice of principal connection with curvature F2, and 
therefore is not canonical. Moreover, the groups Hp^"''^\z,t*) fit into a Gysin sequence: 

Theorem 1.7 ( j8, Thm 3.2]). There exists an exact sequence 

. . . ^ ^ r) ^ t*) f ) ^ . . . , 

(1.12) 

where the map AF^ : H'^^"'^'''\z,t*) ^ t*) zs 

[{H(^k~m~l){m+l), • • • , -f^(fc-O')] -^2 := [( — l)^'~"'-f?^(fc-m-l)(m+l) A F2]. 

This sequence is called a Gysin sequence because, in the case m = and / = k, the 
sequence corresponding to a principal T-bundle X ^ Z is identical to the image in de 
Rham cohomology of (11.11) . 

Suppose then that we have a T-duality pair {c,S) G H'^{Z,'I/^) © i?^^(X, Z) such that 
that c and 6 have images [F2] G iJj^(Z, t) and [i/] G H^^{X) under the compositions 

H^(Z,7r) H^Z^W") Hlj^{Z,i) , 
H^Z.Z) ^ H\Z,m ^ HIj,{Z) , 

respectively. We then let [Hl^, H^^, Hf^, H;^^] G Hl:^°'^\z,t*) be the image of [H] under 
the isomorphism from Theorem II. 6 [ and by Equation (11.61) the T-dual curvature is the class 
[H^^,Hf^,H^^] G H^p^^'^\z,t*). Notice that [8] does not provide a dual Gysin sequence 
in the case Hf^ ^ 0, ifp^ ^ (i.e. an analogue of ffL3|) ). Thus, the T-dual H-flux, which 
should be computed by (ll.7p and (II. Sp . strictly speaking, is unknown, although we expect 
it in some sense to have a representative of the form (i?!'^, F2, 0, 0). 

In the general case it was proposed in [7H9] that [-^2^, Hf^, Hq^] defines a "nonassocia- 
tive torus bundle", and in the case H^^ = 0, the class [H^^, Hf^] G i/Jf '^^(Z, t*) defines a 
noncommutative torus bundle [T3l[T^ . The links between nonassociative/noncommutative 
bundles and the tuples of differential forms was however not made precise. Moreover, 
since this previous work was done in de Rham cohomology, it neglected the phenomena 
of torsion. In this, and a companion paper [3] (see also [16] for more details and [2] for a 
review and additional examples), we shall rectify some of these details in the case Hq = 

3 f 1 3) 

by constructing an integer cohomology group analogous to Hp^ ' {Z, t*), and linking more 
directly the class [-^2^, Hf^] to a noncommutative torus bundle. 
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2. Dimensionally Reduced Cech Cohomology 

With the previous section as motivation, we shall proceed as follows. First, we shall 
construct groups analogous to Hp^"^'^\z, t*) using Cech cochains over a good open cover W 
of Z. Instead of using the curvature form F2, we shall use a representative F G Z^(W, Z") 
of the Euler vector of n : X ^ Z. Due the applications we have in mind, we shall restrict 
to the case where m = and / = 2, and only construct an analogue of Hpj^''^\z, I*). It is in 
fact possible to show, with great difficulty, that the resulting cohomology groups are, up to 
isomorphism, independent of the choice of representative of [F] G i?^(W, Z"). For a proof 
of this fact, the reader should consult [16]. Note however that the isomorphism given in [16] 
is not canonical. Moreover, it is possible to show that when considering refinements, even 
in the case where different refinement maps induce identical representatives of the Euler 
vector, the induced refinement maps have images that differ by a non-trivial automorphism. 
It follows that taking a colimit will be inappropriate for our applications. Thus, we are 
forced to fix a cover when using these groups here and in [3]. Finally, we shall provide 
Gysin sequences for our Cech cohomology groups, and show they match with the Gysin 
sequence of [8]. Note that the analogue of Theorem 11.61 is the primary focus of [3]. 

The main obstruction to constructing a direct Cech analogue of Hp^"^'''\z, t*) is the fact 
that the cup product of Cech cocycles is not commutative. Therefore, simply abstracting 
the differential Dp^ by using the cup product with F instead of the wedge product with 
F2 will not give a map that squares to zero (cf. the comments preceeding Example II. 3p . 
We shall surmount this problem by using the fact that the cup product is commutative 
on Cech cohomology, which implies that commuted cocycles differ by a coboundary. This 
coboundary shall be incorporated into our analogue of Dp^, giving a genuine differential. 

Lemma 2.1 ( [TTJ Sect 2]). Let Z be a topological space with an open cover W and 
A, Be Z\W,Z). Then 

AUB-B[jA = dC, 

where 

CxoXiX2X3iz) := AxoXiX2iz)BxoX2X3{z) - Ax^X2X3iz)BxoXiX:iiz). 

Let Z he a. C°° manifold and fix an open cover W = {W^/^o} of ^ together with a cocycle 
F G Z2(>V, Z"). Let / G Z, and denote by T' the sheaf of germs of continuous T^')-valued 
functions. I.e. we can think of T° and as the sheafs S and Af of germs of continuous 
T and Z^-valued functions, respectively. Similarly, if M^(T) denotes the group (under 
addition) of strictly upper triangular n x n matrices, we can view := as the sheaf 
of germs of continuous M^(T)-valued functions. Therefore we can think of a Cech cocycle 
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0(fc-2)2 ^ fjk^2^y^^^2^ (respectively (j)^^-^^^ G C''~\W,r^)) as an Q)-tuple 

where 0(^-2)2(.) e C"^-2(>V,r°) (respectively, an n-tuple {(l)''''-^^\-)i}i<i<n, with 
0{fc-i)i(.). e c'^-i(n;,r°)). 

We define a cochain complex Cp{yV,S), where for /c > 2 an element is a triple 
^0fco^0{fc-i)i^0{fc-2)2) consisting of Cech cochains (/)^° e C"=(>V,r°), G C"=-n>V,r^) 

and G C*'^~^(>V, T^). When k = 1, we define a cochain to be a pair (0-^°, 0°^), where 

010 G C'i(W,r°), 0°^ G C'°(>V,r^), wWlst when A; = a cochain is a singleton (0°°), for 

000 ^ (70 (y^^ 7-0)^ 

Now, for any A G C'2(n;,Z") and B G (7^(W, M^(Z) ) we can define products 

UiA : C''~\W,T') -> C'^'+^(W,r°), 
UiA : C''~\W, r') ^ C^W, r'), and 

U2B : c''="2(w,r') ^ c'''+^(>v,7^), 

with the formulas 



-')^UiA)v..A,,,(^):= n 



{fc-l)l / N^Afe_iAj^Afe+i(^)i 



l<Z<n 



-2)2,1 A\ / N TT Ak-2)2 / ^^Afc_lA^^A^^+l{^)^(e^)J-(e^)i^Afc_lAfeAfe+l(^)J 

l<i<j<n 

-2)2 I I .- TT ^(^="2)2 / N^Afc_2A;,_iAfeA, + iW.j 

U2£'jAo...Afe+i(2;j .- J_J_ 0Ao...Afe_2l^Jij 

l<i<j<n 

Note that the ordinary Cech differential 9 is a graded derivation with respect to these 
products: 

Lemma 2.2. Let 0(^-^)i G C"=-^(>V, T^) , (/>('^-2)2 g C'^'(>V,r2), A G C'2(W,Z") and 
B G C*^(VV, M^(Z)) 6e arbitrary cochains. Then 

9(0('="^)^ Ui A) = (a</.('-^)^) UiAx [^('^"i)! Ui (M)]^"'^'~' , 

9(0('=-2)2 ^) ^ (90(^-2)2) Ui A X [0('=-2)2 (aA)]^"'^""' , 
9(0('=-2)2 U2 fi) = (a0('=-2)2) U2BX [0('=-2)2 U2 (95)]^"'^'" . 

Proof. A simple computation. □ 

Now, as usual let Fi denote the i^^ component of F, our fixed representative of the Euler 
vector of vr : X — 7- Z. Applying Lemma 12.11 with A = Fi, B = Fj gives us a 3-cochain 
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0{fc-2)2 

Figure 2. The differential Dp 
C{F) e C^iW. M^jZ) ) defined by the formula: 

C(-^)AoAiA2A3(^)ij := -^AoAiA2(^)i-^AoA2A3(^)j " -^Ai A2A3 (^)i-^AoAiA3 (^)j • 

Then, we define a map Dp : C^(>V,5) ^ C^+^(W,5) by 

0(^-2)2) := (2.1) 

which one can see is a differential using Lemma 12.21 

Definition 2.3. We define the k*^ dimensionally reduced Cech cohomology group of the 
covering W with coefficients in S to be the cohomology of C^(W, S) under the differential 
Dp. This group is denoted H^(>V,5). 

We can also define a similar groups, ]H[|,(VV,Z) and E[|.(>V, 7^), using integer and 
real coefficients. We begin with integer coefficients. Cochains in C^(W, Z) are triples 
(0^=0, 0(^-1)1, 0('=-2)2), consisting of a Cech cochains 0'=° G ^^(W, Z), 0^=-^)^ G C"=^HW> 
and 0(^~2)2 ^ (jfc-2^yy^ M^(Z)). We define degree and 1 cochains as before, by truncat- 
ing the lower Cech cochains. To define the differential, let m; denote the Z*'* component of 
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m G Z". Then we have maps 

UiF : (7^-1 (>V,Z") ^ (7^+1 (W,Z), 
UiF : C''-\W, M^{Z) ) C^W,!/'), and 
U2C(F) : (7^"'(>V, M^(Z) ) ^ C'^'+^(W,Z), 

with their integer cohomology analogues: 

n 

{cP^'^'^' Ui FW..,^^^{z) := $:C.aL.(^)'^a,_,a,a,,,(^). , (2.2) 

1=1 

Ui F),„„,,,(.), := 

Yl <^Ao~AL2(^)u(^A,_2Afe_iA,(2)i(ei)i - (ez)iFA,_2Afe_iA,(2:)j) , (2.3) 
l<i<j<n 

l<i<j<n 

The formulas fl2.3p and (12. 2p should be compared with (11.101) and (II. lip , respectively. Then 
the differential is 

D^(0'=°,0(^-i)\ 0(^-2)2) := 

a</.('=-l)l + (-1)^0(^-2)2 ^^^0(fe-2)2)_ 

Definition 2.4. Let W be an open cover of a C°° manifold Z, and fix a cocycle F G 
Z^(W, Z"). We define the k^^ dimensionally reduced Cech cohomology group of the cover 
W with coefficients in Z to be the cohomology of Cp{W, Z) under the differential Dp- This 
group is denoted H^CW, Z). 

The definition of the real coefficient groups H|,(W, 7^) are identical, except obviously 
that cochains take values in a different group. Thus, cochains in C^(W, 7^) are triples 
(0fco^0{fc-i)i^0{fc-2)2^) consisting of a Cech cochains 0^=° G C''=(W,7^), cj)^^-^^^ G C''-^{yV,W) 
and 0('=-2)2 G C"=-2(>V,>^(7^)), where 7^ denotes the sheaf of germs of continuous M-valued 
functions, and M.{Ti) denotes the sheaf of germs of continuous M^(]R)-valued functions. 

Proposition 2.5. Let W he a good open cover of a C°° manifold Z , and fix a cocycle 
F G Z^CVV, Z"). Then there is a long exact sequence of cohomology groups 

(W, 7^) ^ H| ( W, S) H^+i (W, Z) ^ H^+i ( W, 7^) 

Proof. Since the cover W is good we have an exact sequence of cochain complexes 
^ C'p{W,Z) C•(W,7^) ^ C*(W,5) ^ 0. 
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The exact sequence in cohomology then follows from standard homological algebraic tech- 
niques (see, for example, [151 Lemma 4.31]). □ 

As one familiar with Cech cohomology might expect, most of the groups H^(VV, 7^) are 
trivial. Given that we are fixing our covers and not allowing a locally finite refinement, to 
prove this fact we need a definition and a lemma. 

Definition 2.6. Let W = {Wa}a6I be a (not necessarily locally finite) open cover of a 
paracompact space Z. Then we call a collection of functions {paIasx with p\ G C°°(Z, M) 
a "partition of unity subordinate to W if and only if the collection satisfies the following 
conditions: 

(1) For all A e X, range px C [0, 1]. 

(2) For all A G X, supp px C Wx- 

(3) For all z & Z, there are only finitely many px such that pxi^) ^ 0. 

(4) For all ^gZ, EaPa(^) = 1. 

Lemma 2.7. Every open cover W = {VFA}Aex of a C°° -manifold Z has a partition of unity 
subordinate to it. 

Proof. Since Z is paracompact, there exists a locally finite refinement V = {V'^ij^ej of 
W = {Wx}xex that comes with a refinement map l : J ^ X satisfying C W^t(/^)- By 
standard results, there is a partition of unity {q^}^(^j subordinate to V. We then define a 
partition of unity {px}x£X subordinate to W with the formula 

P\{z) := ^ Q^{z). 

□ 

Lemma 2.8. Let W be an open cover of of a C°° manifold Z , and fix a cocycle F G 
Z^(W, Z). Then we have group isomorphisms 

'C(Z,R) k = 

C{Z,W) k = l 

C(Z,M^(M)) k = 2 

A; > 3. 



e^(w,7^) 



Proof. We only provide a proof of these facts for k = 2, since the other cases admit 
a similar proof. First recall that in real cohomology there is a contracting homotopy 
hk : C'^(yV,7V) — )■ C''~^(yV,7l) defined with the assistance of a partition of unity {px} 
(that exists by Lemma [2171) given by hk(t>Xo...\k^i = J2xP>y'Px\o--->^k-i- Being a contracting 
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homotopy, {h^} satisfies the identity id = dhk + hk-id. Now let us consider the case k = 2. 
Consider a cocycle (0^'^, 0^^, 0°^). This is cohomologically equivalent to 

(02°, <P'\ 0°2) + Dp{0, -h4>'') = (020, 4>'\ 002) + (-/,i0ii Ui F, -dh4>'\ 0) 

=(020 -M'' UiF,0^i-9M",/') 

= (02O-M''UiF,M0^\0O2) 

= (020 -M^^ U,F,/.2(0°^UiF),0O2). 

Let us define 02o ;= 02o _ /^^^n ^nd, because Dp is a differential, we can infer 

9020 ^ _/,2(0°' Ui F) Ui F - 002 U2 C(F). 

Using the above facts we know (020^0^1^002) jg cohomologically equivalent to 

(020, /,2(0O2 U, F), 002) + DF{-h24>'', 0) = (020, h^(^^02 ^02) ^ (-9/l20'°, 0, 0) 

= (M02O^^^(^O2^^ ^)^^02) 

= (/^3(-/^2(0°' Ui F) Ui F - 002 U2 C(F)), /i2(0°2 Ui F), 002). 

Thus, every cocycle (02o, 0ii, 0O2) in e|,(>V,7^) is equivalent to one of the form 

ih{-h2i<P'' Ui F) Ui F - 002 U2 C(F)), /i2(0°' Ui F), 002), 
and the isomorphism Uj,{yV,n) -> C(Z, M"(]R)) is given by 

()2O,0l\0O2)]^0O2_ 



□ 

Corollary 2.9. Lei W be a good open cover of a C°° manifold Z , and fix a cocycle F G 
Z2(VV, Z"). Then we have exact sequences 

-> C{Z, Z) ^ C(Z, M) ^ C(Z, T) ^ e],(w, Z) 
^ C(Z, M") ^ Hj,(W, 5) ^ e^(>v, Z) 

C(Z,M^(M)) ^ H^(W,5) ^ e|(>v,z) ^ 0, 



^ e^(y\;,5) ^ e^+^(>v,z) ^ 0, k>3. 

Corollary 2.10. Let W be a good open cover of a C°° manifold Z , and fix a cocycle 
F G Z2(>V,Z"). Let vr* : H^{W,S) H^(>V,5) be the map 

7r*:[0]^ [0,1,1] 
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and define n* : H''{W,Z) e^(>V,Z) and n* : H^{W,n) H^(>V,7^) similarly . Then 
there exists a commutative diagram with exact rows 

H'^iW, 7^) H''{W,S) ^'+1 (W, Z) H''+^ ( W, 7^) 

TT* TT* 77* 77* 

— -H^(>v,7^) — -H^(>v,5) — -e^+i(w,z) — -e^+l(w,7^) — - 

Proof. The definitions are set up so that this works, so we only prove commutativity of the 
square H>'{W,S) i/^'+i ( W, Z) 

TT* TT* 

e^(>v, s) — -H^+^(w,z). 

Fix an element [(f)] G i?^^(VV, 5). Since W is good, there exists a cochain (p G (^^(W, 7^) 
such that [(^]iR/z = (p. Then the image of [(f)] under ^^=(^,5) ^ iy^+i(>V,Z) is [d^)]. The 
image of this under vr* : i7'=+i(>V, Z) ^ H^+^(>V, Z) is [90, 0, 0]. 

Going anticlockwise on the other hand, the image of [0] in M.p{W,S) is [0, 1, 1]. This 
has image [d(f), 0, 0] in M^/\W,Z). □ 

3. Curvature Groups 

There is a group related to M.p{yV,S) that is important to us, because later it will be 
the target of a Gysin "integration over the fibres" map. Moreover, this group provides a 
curvature class for a certain class of noncommutative torus bundles. We define a cochain 
complex CpiyVyS), where for /c > 1 an element is a pair (ip''^ , ip^''~^^'^) consisting of Cech 
cochains e C''(W,Af) and 0('=-i)2 g C^-\W,M). A cochain in C°p(}V,S) is given by 
{<f^^), for 0°^ G C*°(VV,A/'). This complex has a differential Dp given by 

D^(0^\ 0^^-1)2) _ (90(^-1)1 X (0('=-2)2 ui F)(-i)',90('=-2)2). (3.1) 

/j ^ 

Definition 3.1. We define Mp{yV,S) to be the cohomology of Cp{yV,S) under the dif- 
ferential Dp. 

One can see this group is obtained by removing the first entry from Cp (W, 5). Obvi- 
ously, one can define the same groups with integer and real coefficients, denoted EIp(VV, Z) 
and MpiyV, TZ) respectively. Doing so gives us analogues of Proposition 12.51 and Lemma 

ESI 

Proposition 3.2. Let W be a good open cover of a C°° manifold Z , and fix a cocycle 
F G Z2(VV,Z"). Then there is a long exact sequence of cohomology groups 

... ^Wp{w,n) ^Mp{w,s) ^Wp^\w,z) ^Wp^\w,n) ^ ... 
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Lemma 3.3. Let W be an open cover of of a C°° manifold Z , and fix a cocycle F G 
Z^(W, Z). Then we have group isomorphisms 

(C{Z,W) k = 
WpiW, n) ^ I C{Z, M^(M)) k = 1 
[o k>2. 

Lemma 3.4. Let W be a good open cover of a C°° manifold Z , and fix a cocycle F G 
Z2(W,Z"). Let'K, ■ H^(yy,5) ^m^p^iW.S) be the map 

and define vr, : H^(>V,Z) ^ H5r^(W,Z) and vr, : m%{W,n) H^"\>V,7^) similarly. 
Then there is a commutative diagram with exact rows 

— -H^-l(y\;,7^) — ^mf\w,s) — -h^(>v,z) -H^(>v,7^) — - 



e^'(>v,7^) 



'(>v,7^) 



Proof. As with Corollary 12. 101 the definitions are set up so that this works. We prove only 
commutativity of the the square 

H^-^(W,5) -H^(W,Z) 



\w,s) — -e^ '(w,z). 

Fix a class [^^'^-i)", 0('=-2)i, 0^^-3)21 ^ e^"^^(W,5). We first proceed clockwise around the 
diagram. Since W is good there exists a cochain [(j^^""^)", (^C^'^)!, 0(*^-3)2j ^ C^"^(>V, 7^) 
such that 



[4>^'~'^\-)iU/z = ^^'-'^\ei,-), l<l<n, 



Uk-3)2i 



-3)2 



Then the image of 

[50 



\Mit{R/Z) - 

-i)o^0(fe-2)i^0{fc-3)2] H^(W,Z) is given by 



(fc-l)O 



+ 



Nfc+l ?(fe-2)l 



Ui F- 



-3)2 



U2C(F), 



^{fc-3)2| 



This class will have image under vr* : HI|,(>V, Z) — )■ ^(VV,Z) the class 

fe-2)l ^ ^_^)fc^(fc-3)2 UiF,90('=-3)2]. 
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This is exactly what we get if we go anticlockwise around the diagram. □ 



Lemma 3.5. Let W be a good open cover of a C°° manifold Z , and fix a cocycle F G 
Z\W,7/'). Let UF : B.p~\w,S) H''+\W,S) he the map 

and define UF : B.'f\w,Z) H''+\W,Z) and UF : B.'f\w,n) H''+\W,n) simi- 
larly. Then there is a commutative diagram 

Z) 1I^(>V, 7^) — - 



UF 



UF 



UF 



UF 

iJ^+2(y\;,7^) 



Proof. The formula for UF : (W, 5) H^^^(W,S) should be compared with the 
definition of the differential Dp from Equation (12. ip . That it is a well-defined map of 
cohomology groups follows from an easy calculation. Commutativity then follows from the 
definitions and the fact that W is good, just as for the proofs of Corollary 12. 101 and Lemma 

sai □ 



4. The Gysin Sequence 

Theorem 4.1. Let W he a good open cover of a C°° manifold Z , and fix a cocycle F G 
Z^(VV, Z"). Then there is a commuting diagram with exact columns and rows: 



H^(W,7^) 



'(>V,7^) 



UF 



fp-\w,S)^H''^\W,S) 



Proof. Commutativity is the content of Corollary I2.10[ Lemma 13.41 and Lemma 13.51 Ex- 
actness in the vertical directions comes from Proposition 12.51 and Proposition 13.21 (as well 
as the ordinary Cech cohomology "exponential" long exact sequence). Exactness in the 
horizontal direction is assured by the definitions; the most difficult part is exactness in the 
horizontal direction at Mp (W, 5), which we now prove. First, we show UF o vr* = 1. 
Suppose [(/.'^o, </)('=-2)2] e H^(>V,5). By definition we have 

(7r40^o, 0('=-2)2]) u F := [(^C^-i)^ Ui F)^-'^'^' x (0('=-2)2 U2 C {F)Y~''>''^\ 
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However, since {(f)'''^ , (f)^^~^^^ , (f)^''"'^^'^) is closed under Dp, we can infer 
so that 

and therefore UF o tt* = 1. 

On the other hand, if 0(^-2)2] g e^~^(W,5) is such that 

then there exists a Cech fc-cochain 0^ G C'*^(W, 5) such that 

Then [0^=, 0('=-i)i, 0('=-2)2] is an element of e^(>V,5) that satisfies 

7^40^0('=-^)^0('=-2)2] = [0(^-i)\ 0(^-2)2]. 

□ 

5. Correspondence with the work of Bouwknegt, Hannabuss and Mathai 

We show here that the Gysin sequence given in Theorem 14. II corresponds with the Gysin 
sequence from Theorem ll.7[ in the sense of the following theorem. 

Theorem 5.1. Let Z be a C°° manifold, W a good open cover of Z . Fix a class F G 
Z2(>V, Z"), and denote the image of F under the Cech-de Rham isomorphism by F2 G 
t). Then there is a commutative diagram with exact rows: 

^H\W,Z) -e^(>V,Z) -li^~'(W,Z) ^H^+\W,'L) — - 

HUZ) h'p^'^'\z, V) — h'p^^'''\z, V) H',^\Z) ^ 

The difficult part of this theorem is the construction of the maps 

H^(>V,Z) ^ H'p}^'^\z,t*). 

Recall an element in H^(Vy,Z) is the class of a triple (0^=°, 0('=-^)\ 0(^-2)2) e C^(>V,Z). 
The image of [0^°, 0('=-i)\ 0(^^-2)2] ^-^^ ^e a class [i/^, H^k-i)i, H^k-2)2] G H'p^^°^^\z, i*). We 
shall define the components H^q, and i?(fc_2)2 in terms of 0'^°, 0^^"^)^ and 0(*^~2)2 

over the next page. By Lemma 12.71 we may assume there is a partition of unity {px^} 
subordinate to W. Using the "collating formula" for the Cech-de Rham isomorphism 
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from P, Prop 9.5] (see also [TOl Prop 1.4.17] ), we have images of F and ^^^^-^^^ in Vi^[Z, t) 
and A^t*), respectively, given by 

Ai,A2 

{H^k-2)2)tj\w^^ ■■= Yl '^Z~T,_,i-)ijdpx^ ■ ■ ■ dpx,_, , l<t<J <n, 

Ai,...,Afe_2 

where we have suppressed the wedge A. To define we have to take into account 

that is not closed under d. Therefore, using the same collating formula, we have a 

global differential form given by 

{H(^k-i)i)i\w,^ ■■= '^Ao' aLi(-)/c?Pai • • • dpx,_, 

Ai,...,Afe_i 

+ '^'^Ao' Afe (OzPAiC^PAa • • • C?pA, , I < I < U. 



Ai,...,A,. 



Defining Hko is a little trickier because (f)''^ get a contribution from 0'^'^"^^^, via the differ- 
ential Dp. This does not occur in the dimensionally reduced cohomology of [5] (cf. Figs 
|2]and[T]). Fortunately, it turns out this contribution is an exact form. Define a global 
differential form D(0('^~^)^, C(F)) by the formulas: 

D(0(^-2)^c(F))u,^ 

'T,i<^<j<n(l)°^i-)ijC{F)x,...xA-)ijPMPXsdpx^dpx^ k = 2 

Ai,...,A4 

T,^<i<j<n(l)\lxi{-)ijCiF)x^..Mi-)ijPxidpx2dpx.,dpx^ k = 3 

Ai,...,A4 

,(fc-2)2 

l<i<j<n Y 
*lviAfc+l 

Then we define 



E i<><.<n 0Afc_iAi...Afc_2(-)iiC'(F)A,_2...Afc+i(-)iiPAirfpA2 • ■ ■ dpx,+, k>3 
AiviAfc+i 



iHko)\w;,^ := Y K-Xk(-'>^dpXi---dpx^ 

Y '^<^Ao...A,+i {■)iPx^dpx, . . . dpx,+. 



Ai,...,Afc 



Ai ,...,A 



k+l 



+ (-1)'=+^D(0('=-2)2,C(F))| 



An 



Remark 5.2. Examining the definition of H[|,(>V, Z), it is clear that we could also define a 
collection of cohomology groups "]HI|,(>V, M,)" using the c onstant sheaf with values in M. 
Then the map 



^.0^ ^(.-1)1^ ^(.-2)2) ^ (H,„Ht^,_,)„H^,^,),) 
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given above factors through the map similarly defined from E[|,(>V, M) to 
H'^f''^\z, t*). We believe this latter map gives an isomorphism e|(W, M) = Hp^^''^\z, t*), 
but, in absence of an inverse for the Cech-de Rham collating formula, we do not have a 
proof. Thus, we have chosen to avoid the issue. 

Lemma 5.3. Let Z he C°° manifold, W a good open cover of Z , and F E Z^(>V,Z"'). Let 
the image of F in fl'^{Z,t) under the Cech-de Rham isomorphism be F2. Then the map 

defined above by 

is a map of cochain complexes. 

Proof. The proof of this lemma is a long, unenlightening calculation, and has thus been 
relegated to the appendix. □ 

Proof of Thm 15. ii Exactness for both sequences has already been done inTheorem 14.11 
for the top row and Theorem 11.71 for the bottom. The downward arrow EI^(VV, Z) — ?■ 
i/^f'^)(Z,r) is defined by 

A; — 1 ^ ('12') 

and the downward arrow Up (W, Z) ^ H'^p^''"\Z, t*) is defined by 

The remaining downward arrow is just the Cech-de Rham Collating formula 

Xi...Xk 

For commutativity, the only square that is not immediate from the definitions is 

mp^\w,z) — -if'=+i(>v,z) 

ij^f'^)(z,r) -H',^\z), 

which itself is quite nontrivial. Going anticlockwise around the diagram, we have that the 
image of a class [(p^'''^^^, 0('^'-2)2] in H^^^{Z) is the class of the differential k + 1-form 

(-l)^-%,_i)i AF2, 

where we recall F2 is the image of F under the collating formula. 
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On the other hand, the image of 0(^'~2)2] in if^-+i(W,Z) is 

[(_l)fc+20(fe-l)l Ui F + (-l)^-+y^-2)2 U2 C{F)]. 

Thus, we need to check there is a differential /c-form u such that the image of 

(_l)fc+20(fc-l)l F + (_l)^-+2^(fe-2)2 ^ 

in de Rham cohomology, is equal to (— A F2 — dw. However, in (I A. 5 1) to (1A.6I) in 
the appendix, it is shown that we can take u to equal 

a; = (_l)fc+iD(0(fc-2)2^C'(F)), 

for this purpose. □ 

6. Mathai-Rosenberg T-Duality 

We return to the applications of our work to T-duality of principal torus bundles by 
first recalling the definition of T-duality according to Mathai and Rosenberg [131 [H]. 
Let H^{X,Z)\^o,3=Q denote the kernel of the Serre spectral sequence projection vr^'^ : 
^3(X,Z) ^ C(Z,^3^T",Z)). Suppose that 6 G H^{X,Z), and let CT{X,S) denote the 
unique (up to Co(X)-linear isomorphism) stable continuous trace algebra with Dixmier- 
Douady class 6. Then, if (c, 5) is a T-duality pair such that 6 G H^{X,Z)\t,o,3=q, Theorem 
2.2 of [H] implies there is an a action of on CT{X, S) such that the induced action of 
M" on X covers the T"-bundle action. The Mathai-Rosenberg T-dual is by definition the 
C*-algebra CT(X, 5) x„ W. 

The C*-algebra CT(X, 5) xi^^M" can be interpreted as the algebra of sections of a noncom- 
mutative torus bundle over Z, such that, if / G C{Z, M^(T)) is the Mackey obstruction map 
of a, then the fibre above 2; G Z is the stabilised noncommutative torus Aff^^)®^ [Ml Proof 
of Thm 3.1]. Moreover, if if^(X,Z) 17^1,2=0 denotes the kernel of the Serre spectral sequence 
projection vr^'^ : if^^X, Z)|^o,3=o H\Z , {T"" , Z)) , then if 5 G H^{X,Z)\^ia=o the ac- 
tion a can be chosen to have trivial Mackey obstruction. This implies that the C*-algebra 
CT{X, 6) XqM" has spectrum X, such that the dual ]R"-action induces a classical principal 
torus bundle tt : X ^ Z. 

7. T-DUALITY FOR PRINCIPAL TORUS BUNDLES WITH H-FLUX VIA THE INTEGER 

Gysin Sequence 

We continue the T-duality discussion from the introduction. There we finished by de- 
scribing how the Gysin sequence of Theorem 11.71 allows one to compute the T-dual curvature 
of a T-duality pair (c, 6) G H'^{Z,Z^) © H^{X,Z) as the image of 6 under the composition 
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of the dimensional reduction isomorphism and the Gysin sequence integration over the 
fibres map: 

6 ^ [H,,H,,H,] ^ [H2,H,] e ifjf '')(Z,f ). 

Since Theorem 15.11 shows the Gysin sequence of Theorem 14.11 agrees with the one from 
Theorem II. 7[ we seek to provide an analogue of the dimensional reduction isomorphism. 
Indeed, this theorem is proved in a companion paper: 

Theorem 7.1 ( [3]). Let n : X Z be a principal T"' -bundle over a Riemannian manifold 
Z, and denote by if'^(X,Z) 1,^0,3=0 the kernel of the Serre spectral sequence projection vr"'^ : 
H^{X,Z) — )■ if^(T",Z). Then there exists an open cover U of X such that vr : X — i- 
Z has Euler vector [F] G {n (U) , 'Z^) , and such that every c E H^{X,Z)\t,o,3=q has a 
representative [H] G H^{U,Z). Moreover, there is an isomorphism 

1^0.3=0 = H^(7r(W),Z). 

Definition 7.2. Let (c, 6) G H^{Z,Z'') ® H'^^iX^Z) be a T-duality pair, and let w : X ^ Z 
be a principal T"-bundle classified by c G H^{Z, Z"). Fix an open cover U and representa- 
tives [F] G H'^{Ti{U),ir) and [H] G H^{U,Z) of c and 6 respectively, and let [0^0, 02i^ ^i2| 
be the image of [H] in H[|.(7r(W), Z) under the isomorphism from Theorem 17.11 Then 
we define the T-dual Euler vector of (c, 5) to be the class 7r^,[0'^°, 0^^, 0^^] = [(f)"^^ , (p'^'^] G 
Hj(7r(W),Z). 

Let us describe how this definition fits into existing work. First, we need a lemma from 
our companion paper [3]: 

Lemma 7.3 ( [3]). Fix a T-duality pair {c,5), an open cover lA of X, and classes 



[F] G iJ^(7r(W), Z") and [H] G H^{U,Z) as in Theorem \7l[ and suppose that [H] maps 
to [H^,H2,Hi] G H3(7r(W),Z). Let a be an action of W on CT{X,[H]) with Mackey 
obstruction f G C(Z, T^a)). Then the homotopy class of f in Z^^)) is equal to 

[Hi] G H\Z,Z("^)). 

Thus, if i/i 7^ the T-duality pair (c, 6) is not T-dual to a classical principal torus 
bundle. Instead, the comments in the previous section tell us that the bundle T-dual to 
(c, 5) is a noncommutative torus bundle. One thinks of the class [H2,Hi] as the Euler 
vector of this noncommutative torus bundle, with the cochains Hi and H2 describing the 
parameters of the noncommutative torus fibre and bundle "twisting" , respectively. Indeed, 
Lemma [73] justifies the first statement, whilst the following lemma justifies the second (see 
also [6]): 
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Lemma 7.4 ( [3]). // [H] E /f^(X,Z)| ^0,3=0 maps to a class of the form [iJa, 7^2,0] G 
HI^(7r(W), Z), then the action a can be chose to have trivial Mackey obstruction. In this 
case, CT{X, [H]) xi^M" can be viewed as the algebra of sections of a (commutative) principal 
T'^-bundle that is classified by [H2] G H^{7r{U),Z''). 

Appendix A. Proof of Lemma 15.31 

Lemma A.l. Let Z be C°° manifold, W = {Waq} an open cover of Z, and A, B E 
Z^{yV,Z) two cocycles. Let C G (^^(W, Z) be any 3-cochain that satisfies 

AUB- BUA = dC. 

Then the image of dC in Q^{Z) under the collating formula is identically zero. 

Proof. Follows from the cocycle identity for A and B, the fact that the restriction of the 
image of dC = ALiB — BUA to the set Wx^ is given by 



Lemma A. 2. Let Z be C°° manifold, W a good open cover of Z , and F G Z^(>V, Z"). Let 



maps Dp- cocycles to Dp^- cocycles. 

Proof. Suppose that the triple (0'^°, 0^^^"^^^, 0^^^"^^^) is closed under Dp and has image 
[{Hko, -ff(fc-2)2)- Straight from the definitions one can see that dH(^k^2)2 = 0. Next, 




(A.l) 



where {paq} is a partition of unity subordinate to W, and the fact that 




□ 
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we need to check if 

Ai,...,Afc 

= (-l)'=+i(i7(fc_2)2AF2),U,^. (A.2) 

By definition, Ui F is the Cech fc-cocycle with values on U^^ in the /^'^-component 

of Z" given by 

l<i<j<n 

When restricted to the set , this cocycle has /^''-component image the differential form: 
't'\o~.T,_,iz)ijiP>^k-2Xk-iX,{z)iiei)j - {ei)iFx,,,x,_,x,iz)j)dpx,dpx, ■ ■ ■ dpx,. (A.3) 

1 <i<j <n 
Al,...,Afe 

On the other hand, the right hand side of Equation (1A.2P is 

(-f^(fc-2)2 A F2)i\wxo 

= Y (^{k~'2)2)ij\w^^ ^ [{F2)i\w^^{ei)j - {F2)j\wx^{ei)i] 

l<i<j<n 

= Y 'i't7.X-2^-)i3 (^AoA,_iA,(-)i(ez)i - ^AoAfc_iA,(-)i(eOi) dpx, ■ ■ ■ dpx,- (A.4) 

1 < i < J < n 

Ai,...,Afc 

To help us deal with Equation (IA.4I) . we claim that 

()Afc-2Afe -^\)^k-2^k-\ 

1 <i <j <7i 

Ai,...,Afe 

- (-^AoAfe„2Afe - -fAoAfe_2Afe-2)(')i(ez)iC?PAi • • • C?/>Afe = 0. 

ed the above, each term ^i^" a^_2 ( 
Afc_i or Afc. Then our claim follows from the fact that 



Indeed, if we expanded the above, each term A^_2(')ii-^AoAfc_2A. would be missing either 



Therefore, the fact that Fx^x^-iXk = ^\k-2>'k-i>^k + ^>^o>^k-2>'k - ^>^o>^k-2>^k-i^ implies Equation 
(]A.4p is equal to 

Y ^Xo~T,_,i-)ij {Fxk-2Xk-iXki-)iiei)j - Fx,_,x,_,x,{-)j{ei)i) dpx, . • • dpx,. 



1 < i < J < n 

Ai,...,Afc 



The above is exactly Equation (lA.Sp . and therefore the left and right hand sides of Equation 
(]A.2p agree. 
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Lastly, since the cocycle identity for [0'^°, 0'^^'^-'^''-'^, 0*^'^"^^^] implies 



kO)\W 



^0 



Ai,...,Afe_ 



Ai,...,Afc 
Ai,...,Afc 



we need to check if 



•fe+i 



(A.5) 



1=1,. ..,n 



+ E (<^^'"'^'u2C(F)),„„,,^,(-).,rfp.,...dp; 



l<i<j <n 

Ai,...,Afe 



w 



^0 



(A.6) 



We will prove this for k > 3, since the k = 2 case is easier and uses similar techniques. 
Ignoring the factor of (—1)'^"''^, the right hand side above is 



(=1 



E CAL(-)^^PA....rfpA._, (A.7) 
Ai,...,Afe_i 

4)/=+! ^ (0(^-2)2 UiF),,.„,,(-).p,,rfpA,...t/pA, (AJ 
Ai,...,Afc 



^ E 

Afc+i,Afc+2 

We claim that the wedge product of the term on line flA.Sp with the term on line flA.9p is 
zero. Indeed 



ai,...,Afe 



-2)2 



UlF)Ao...Afc(-)«PAiC?PA2...C^PA, 



k + 2 

Afc+iAfc+2 



24 



P BOUWKNEGT AND R RATNAM 



1 <i< J <n 



- -^Afc_2Afc_iAfc(-)i-^AoAfe+iAfe+2(-)i)PAiC?PA2 • • • dp\k+2 

~ i^Xo...Xk-2^')ii(-^^O^k-l^ki')i'^^O^k + l^k+2i')j 

Ai,---iAfc+2 

- -^AoAfc_iAfc(-)i-^AoAfc+iAfc+2(')i)PAiC?PA2 • • • '^PAfc+2 

=0. 

Therefore, for k > 3, since the wedge product of the term on hne ( 1A.7[) with the term on 
hne flA.QP is exactly the term on hne flA.Sp . we just need to show dD[(f)^^~'^^'^ , C{F))\wy^^ is 
equal to 

1 <i< J <n 
Al,.--iAfe + l 

First, note Lemma [A. . 1 1 implies dC{F)ij is the zero form. Then, the facts that d is a. graded 
derivation with respect to U2 and (j)^^~'^'>'^ is (9-closed imply 

^(0^'"'^' U2 C(F)),,...,,^,(-).,PA.^^PA2 • • •rfpA,^2 = 0. 



1 <i < J <n 
Al,.--iAfc + 2 



Therefore 



fe+i 



l<i<j<n 

Ai,...,Afe+i 



1 <i< J <7i 

AivjAfc+2 



1 

5^ m^''-^^') U2 C{F)),,...,,^,p,,dpx, ...dp 



l<i<j<n 

Ai,.--,Afc+i 



k+2 



1 <i< J <7i 

AivjAfc+2 



^ (0(^-2)2 U2 C(F)),,...,,^,p,,rfp,, . . . dp,,^,. 



l<i<j<n 
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Now, observe that swapping indices \k ^ and X^-i ^ Xk+i shows 

</'?^...A\^_i(-)ii(^AfeAfe+iAfe+2(-)i^Afe_iAfcAfe+2(-)i)PAiC?PA2 • • • dpXk+2 = 0, 



Ai,...,Afe+2 



and 

X] <^AfeA?^!Afc_2(')ii(^Afe_iAfeAfc+i(-)i^Afc_iAfe+iAfe+2(-)i)PAiC?PA2 • ■ ■ dpXk+2 = 0- 



l<z<j <n 
AlviAfc + 2 



Thus, using these two identities we see 

Yl aLi (■)ijC(F)A,_i...A,+2PAiC?PA2 • • • dpx. 



l<z<j <n 
AlviAfc + 2 



0At..A\^-i(')^i(-^-^fc-i^fc^fc+i(')«-^-^fc-i^fe+i^fe+2(Oi)PAit^PA^ • • • C^PA 

l<i<j <n 

((-i)'<51_,+<21J(-).. 



l<i<j<n 
Ai,...,Afe + 2 

lAfcAfc+i (■)«-^Afe_iAfc+iAfc+2 (■)j)pAiC^pA2 • ■■dpXk+2 
^ (<^£A2^X_J(-)ij(^A,^ lAfeAfc+i (■)*-^Aj._iAfe+i Afc+2 {■)j)dpX2 ■■■dpx 

k+2 

l<z<j<n 
A2,---,Afe + 2 

/ \ 

'/'it jAl..Afc_2*^')*i*^-^-^fe-2^fc-l^fe(^')*-^^fc-2^fc^fc+l(')i)P^l^P^2 • • • C?PAfe+i 

This completes the verification of Equation (lA.6p . □ 

Lemma A. 3. Let Z be a C°° manifold, W a good open cover of Z , and F G Z^(VV,Z"). 
Let the image of F in Q'^{Z, t) under the Cech-de Rham isomorphism be F2. Then the map 

c^(>v,z)^4f')(z,r), 

defined by 

maps D p-coboundaries to D p^-coboundaries. 

Proof. We only prove this for A; > 3, since the case A; < 2 is similar and easier. Suppose 
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We claim there exists a cochain (i^(fc_i)o + (—1) "'^-f^(C*)(fc-i)0! -f^(fc-2)i5 -^^(^-3)2) such that 

{HkO,Hi^k-l)l,H(k_2)2) = DF2{H(^k-l)Q + ( — l)''~"^-f^(C)(fc-l)0, -f^(fc-2)l, -f^(fc-3)2)- 

Indeed, the formulas for H(^k-i)o, -f^(fc-2)i, -f^(fc-3)2, and H{C)(^k-i)o are 

^^(fc-3)2kAo •= X] <^?i...Afc_2PAirfpA2 • • • C?PAfe_2 , 
Ai,...,Afe_2 



Ai,...,Afe_i 
Ai,...,Afe 



and 



-f^(C)(fc-i)o|iyAo 

- I]i<«<j<n (f)f{-)ijCxi..MiF)ijPXiPx2dpXadpx^ k = 3 

Ai,...,A4 

■ i<'<^<" 0Afc_iA2...A;,_2A;,_i(")ijC'(-^)Afc_2...A;,+i(-)ijPA2 • ■ ■ dpx^+i k > 3. 
AiviAfe+i 

Now, if (j)^^"'^^'^ = dcj)^^'^^'^ we have 

{Hi^k~2)2)^j\w^,^ ■= ^ (t^Xo..Tk^2^-)ijdpXi ■ ■ ■ dpx^_2 

Ai,...,Afc_2 

= Yl ^K^.X-2^-)^i^p^^ ■ ■ ■ 

Ai,...,Afc_2 

=d I K~T,_2 (OiiPAi . . . dpx^_ 

yAi,...,Afc_2 

=dH^k-3)2\w^^- 

Also, the Equation (lA.lOl) implies 

AiviAfe 
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Ai,...,Afe_2 



Now we deal with the last term. Observe that Equation ( lA.lOl) implies 



Ai,...,A 



fc+i 



+ (-1) V^'-')' U2 C(F)),,...,,^,p,,^^p,, . . . rfp,,^J 



A2,...,A, 



fe+i 



Y <P^'~'^\-)iPx,dp,,...\ 



, Ai...Afe_ 



A 



Y F>^o\k\k+A-)idpx,dpx 



+ (_l)'=-l/}(^0(fc-3)2^C'(F))| 



+ {-lf{<P'''''' U2 C(F)),,...,,^,p,,rfp,, ... dp; 

+ {-1)\<P'^'-'^^ U2 ,p,,dp,, . . . dpx 



fe+i 



fe+i 
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Removing the factor of (—1)^ ^, it therefore suffices to show that D{d(j)'^^ C(F))|vi/^ 
differs from 



(A.ii: 



l<i<j <7i 

Ai...Ai._|_i 



by dH{C)(^k-i)o\wx^- 

We provide the details for the case k = 3; the cases k > 3 are similar (the reader can 
consult [TB] for the details). When k = 3 we have 



<j <ri 
1,...,A4 

E <^Ai(-)iiC'(^)Ai...A4(-)iiPAiC?PA2 • • • dpx. 



l<i<j<n 

Ai,...,A4 



E <^A2(-)^iC'(^)Ai...A4(-)iiPAiC?PA2 • --dpx,. 



(A.12) 

(A.13) 



1 <i < <n 

Ai,...,A4 



Observe that (]A.12p above is exactly (lA.lip . so we only need to show (1A.13P is equal to 
dH{C)[k-i)o\wxQ- Now, swapping indices A2 ^ A3 below shows 

E '^Ai(")ii-^A2AiA3(-)i-^A2A3A4(-)iPAiC?PA2 • • • dpx, = 0. 

l<z<j <n 
Al,...,A4 



Now we compute, interchanging indices Ai and A2 from (1A.14P to (lA.lSP below: 



d 



Yl ^xli-)ij<^iF)^i-M{-)ijPXiP\2dp\sdpx, 

Vl<i<j<n 
Ai,...,A4 

E </>2'(-)..C(i^)A4...A4(-)..PA ^dpx2 ■ ■ ■ dpxi 

j<n 
.,A4 

E <^A2(-)iiC'(^)Ai...A4(-)iiPA2C?PAiC?PA3f^PA4 



l<i<j<n 

Ai,...,A4 



(A.14) 



Ai,...,A4 
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= <^A2(-)iiC'(^)Ai...A4(-)uPAiC?PA2 • • • dpx^ 



l<i<j<n 

Ai,...,A4 



+ Yl <^Ai(-)yC(^)A2AiA3A4(-)iiPAiC?PA2 • • • dpx^ 
Ai,...,A4 

<^A2(-)yC'(^)Ai...A4(-)yPAirfpA2 • • • rfpA4 



l<i<j<n 
Al,...,A4 



Y '^Ai(")ii-^A2AiA3(-)i-^A2A3A4(-)iPAiC?PA2 • • ■ dpx^ 



Ai,...,A4 



Y <^A2(-)yC'(^)Ai...A4(-)yPAiC?PA2 • • • C^PA4- 



l<i<j <n 

Ai,...,A4 



This last line is exactly -Ix flAlSj) . Therefore D{d(j)^'^,C{F))\w^^ differs from 

(0°' U2 C(F))a„...,a4(-)^.Pa4C^Pa2 • • • ^^Pa4 



l<i<_7 <n 
A1...A4 



by 



d 



\ 



^dpx^dpx^ 



Vl<i<j<n 
Ai,..., 



dH{C)^k 



A4 



-1)0 ^(fc-2)l 0(fc-3)2^) 



(A.15) 



Therefore we have shown, that if 
then the image of (0^°, 0^^"^)^ 0^''"^)^) is 

(fe-l)O, -f^(fc-2)l, H(^k-3)2)] 



□ 
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